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CN ■ 1- Introduction 

j^ ' It is proven in [TaHIWiTj that the Grothendieck-Teichmiiller group, GRT, acts up to honiotopy on the set, 

{tt}, of Poisson structures (depending on a formal parameter h) on an arbitrary smooth manifold. Universal 
formulae for such an action can be represented as sums over Feynman graphs with weights given by integrals 
C^^ . over compactified configuration spaces introduced in [Me21 IMe4] . 

Any Poisson structure makes the algebra of polyvector fields, (Tpoiy {M)[[h]], A) into a Poisson complex, more 
precisely, into a differential graded (dg, for short) associative algebra with the differential d^r = [tt, ]s, where 
■^ I [ , ]s is the Schouten bracket. The cohomology of this complex is sometimes denoted by 7J*(M, tt) and is 

^^' called the Poisson cohomology of (M, tt). The dg algebra {Tpoiy{M)[[h]], A,dTr) is of special type — both 

operations A and d,r respect the Schouten bracket in the sense of dg Gerstenhaber algebra. The main purpose 
of our paper is to study 

2 ! • a class of universal Assoo structures on Tpoiyi^'^) which are consistent with the Schouten bracket in 

the sense of strong homotopy non-com,m,utative Gerstenhaber {ncQoo, for short) algebras; 
• universal actions of the group GRT on this class, 

and then use these technical gadgets to give a constructive proof of the following 

> 

^/^ . Main Theorem. Let n be a Poisson structure on M , 7 an arbitrary element of GRT , and let 7(77) be the 

CO ' Poisson structure on M obtained from tt by an action of ^ . Then there exists a morphism, 

5^ : (1) F'< : iJ'(Af,7r) ^i7'(Af,7W), 

CO . of associative alqebras. 

^ . The morphism ([l} is, in general, highly non-trivial. In one of the simplest cases, when tt is a linear Poisson 

structure on an affine manifold M = W^ (which is equivalent to the structure of a Lie algebra on the dual 
vector space g :— {W^)*), the morphism F'^ becomes an algebra automorphism of the Chevalley-Eilenberg 
^ ' cohomology of the g-module Q'q := ®„>o 0" 0, 

_ C^_: ^'(R^ ^) = H'{M.\ 7(7r)) = H'{q, O'g), 

and its restriction to H^{q, 0*0) = (0*0)^ coincides precisely with Kontsevich's generalization of the classical 
Duflo map (see Theorems 7 and 8 in §4.8 of }Ko3j ) . Thus in this special case our main theorem extends 
Kontsevich's action of GRT on (0*g)^ to the full cohomology _ff'(0, 0*g), and also gives explicit formulae 
for that extension. 

The existence of the algebra morphism ([T|) is far from obvious. We prove in this paper a kind of "no-go" 
theorem which says that there does not exist a universal (i.e. given by formulae applicable to any Poisson 
structure) ^ssoo-morphism of dg associative algebras, 

^J'poly{M)[[h]l^,d^) -^ {rpoly{M)[\h]],^,d^(^^^) . 

Hence the algebra morphism ([1]) can not be lifted to the level of the associated Poisson complexes in such a 
way that the wedge multiplication is respected in the strong homotopy sense. 

Our main technical tool is the deformation theory of universal nct/oo-structures on polyvector fields. This is 
governed by the mapping cone of a natural morphism of graph complexes introduced and studied by Thomas 
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Willwacher in [Wilj . Using some of his results we show that there exists an exotic universal G/JT-deformation 
of the standard the dg associative algebra (7^oij/(-^^), A,d-y(^)) into an ^sSqo- algebra, 

{rpoly{M)m], fi: ^ {fiZ}n>l) , ^eGRT, 

whose differential fxj is independent of 7 and equals d^r, while the higher homotopy operations /ij^>2 are 
independent of n and are fully determined by A and 7. This universal Assoo- algebra structure on Tpoiy{M) 
is homotopy equivalent to {Tpoiy{M) , A, dj(^T^)) , i.e. there exists a universal continuous AsSoc isomorphism, 

(2) ^^ : iTpoly{M)m],^l:) ^ {Tpoiy{M)miA,d^^^)) 

which on cohomology induces the map ([T]) and hence proves the main theorem. 

The above mentioned deformation, {Tpoiy{M)[[h]], ^2), of the standard dg algebra structure on the space of 
poly vector fields on a Poisson manifold is of a special type — it respects the Schouten bracket. Omitting 
reference to a particular Poisson structure tt on Af , we can say that we study in this paper universal 
deformations of the standard Gerstenhaber algebra structure on polyvector fields in the class of ncQoc,- 
algebras (rather than in the class of t/o^-algebras). The 2-coloured operad ncGao is a minimal resolution of 
the 2-coloured Koszul operad, ncQ, of non-commutative Gerstenhaber algebras, and, moreover, it admits a 
very natural geometric realization via configuration spaces of points in the pair, M C C, consisting of the 
complex plane C and a line M drawn in the plane [X]. We prove that, up to nc^oo-isomorphisms there are only 
two universal nc^oo-structures on polyvector fields, the one which comes from the standard Gerstenhaber 
algebra structure, and the exotic one which was introduced in [ff in terms of a de Rham field theory on a 
certain operad of compactified configuration spaces. 

1.1. Some notation. The set {1,2,..., n} is abbreviated to [n]; its group of automorphisms is denoted by 
S„. The cardinality of a finite set A is denoted by #^. li V = (Bi^zV^ is a graded vector space, then V[k] 
stands for the graded vector space with V[kY :— V^'+'^ and and s*^ for the associated isomorphism V —> V[k]; 
for V € V^ we set \v\ :— i. For a pair of graded vector spaces Vi and V2, the symbol Homi(V^i, V2) stands 
for the space of homogeneous linear maps of degree i, and Hom(Vi, V2) := ®igz Homi(yi, V2); for example, 
s'^ E iioin^k(V,V[k]). For an operad P we denote by T'jfc} the unique operad which has the following 
property: for any graded vector space V there is a one-to-one correspondence between representations of 
V{k} in V and representations of V in y[— fc]; in particular, £nvv{k} — Sndy^k^. 

1.2. Acknowledgements. It is a great pleasure to thank Thomas Willwacher for many very useful discus- 
sions and correspondences. 



2. Compactified configuration spaces of points in the flag M C C 

2.1. £zeoo-algebras. For a finite set A let Confj^{C) stand for the set of all injections, {A ^-> C}. For 
^A > 2 the orbit space 

^^^^^ -^ z^R+z + C 
is naturally a real (2#A — 3)-dimensional manifold (if A — [n], we use the notations C„(C)). Its Fulton- 
MacPherson compactification, CAiC), can be made into a compact smooth manifold with corners |Ko2j (or 
into a compact semialgebraic manifold). Moreover, the collection 



C(C) = {Ca{C)}#a 



>2 



has a natural structure of a non-unital pseudo-operad in the category of oriented smooth manifolds with 
corners. The associated operad of chains, Chains{C{C)), contains a suboperad of fundamental chains, 
TChains{C{C)), which is precisely the operad, £oo{l}, of degree shifted Loo-algebras (see [Me3j for a 
review) . 



GRT and Poisson cohohomology 



2.2. OCHA versus strong homotopy non-commutative Gerstenhaber algebras. For arbitrary fi- 
nite sets A and B consider the space of injections, 

Conf^giC) ■.= {AUB^C,B'^RcC}, 

and, for 2#j4 + #i? > 2, consider the quotient space, 

Conf ^,BiC) 



Ca.b{C) 



Z — > K^Z 



by the afSne group K+ kK. AsCyK^HUH , where H (resp. H ) is the upper (resp., lower) upper 
half-plane, we can consider subspaces. 



and 



Con/^ b(H) := {A m- e, S -^ M} C Co7i/^^s(C) 



Ca.i 



-z + ] 



C CaA'C) 



XI 






X-, 
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."^ 







C5,2(C) 



C5,2(H) 



The Fulton-MacPherson compactification, C a,b{^): of Ca,b(M) ^^^ introduced in [Ko2| . The fundamental 
chain complex, J-Chains[C{ML)), of the disjoint union, 

C(H):=C.(C)|JC.,.(H), 

is a dg quasi-free 2-colored operad |KaSt| generated by 
(i) degree 3 — 2n corollas, 

1. 



(3) 



,1 , "ia e §„, n > 2 



12 3 n-1 n 



representing C„(C), and 
(ii) degree 2 — 2n — m corollas. 



(4) 



12 n 12 



<r(l) 1.(2) <r(„) 1 2 



2n-hm> 2,Vct e §„ 



representing C„_m(]HI). 
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The differential in J'Chains{C{M)) is given on the generators by |Ko21 iKaSt] 

i 



(5) 



(6) 



12 3 ii-l n 



12 n 12 




//...\ [n]\A 
#>1>2 A 



\ ^ / 1 \A;+/(n — fc — ^) 



fc,i,[ji] = /lUi2 

2#Ii+m>i + l 

2#/2+i>2 




Representations of {TChains{C{M)),d) in a pair of dg vector spaces {A, g) were caUed in |KaStj open-closed 
homotopy algebras or OCHAs for short. Such a representation, p, is uniquely determined by its values on 
the generators, 



1 



eHom(g®",fl)[3-2n], n>2, 



^J'r, 



e Hom(0®" (g) yl®™, A) [2 - 2n - to], 2n + to > 2, 



which satisfy quadratic relations given by the above formulae for the differential d and give us, therefore, 
the following list of algebraic structures in {A,g): 

(i) an £oo{l}-algebra structure, j/, = {i^n '■ 0"b -^ 0[3 - 2n]}„>i, in g; 
(ii) an ^oo-algebra structure, /z, — {/io,m : iS^^^A — >• A[2 — m]}„i>i, in A; if [ , ]c stands for the standard 

Gerstenhaber bracket on the Hochschild cochains C{A,A) = J^^j^g Hom(A®", A)[l — n]),then /i,, 

defines a differential on C{A,A), d^ := [/i,, ]g; 
(in) an £oo-niorphism, F, from the Loo-algebra (g,i^) to the dg Lie algebra {C{A,A), [ , ]G,dfj.). 

If p is an arbitrary representation of {J-'Chains{C{M.)) , d) and 7 G g is an arbitrary Maurer-Cartan elemenl|j. 



n>0 



i^n(7n=0, |7l 



of the associated £oo-algebra (g, v,), then the maps 



Xi 



— > A[[h]][2 - m], m>0, 

make the topological (with respect to the adic topology) vector space A[[h]] into a topological, non-flat (in 
general) „4oo-algebra (here h is a formal parameter, and A[[h] := A^ K[[h]]). Non-flatness originates from 
the generators (|4]) with to = 0, n > 1, which correspond to the boundary strata in C(S) that are given 
by groups of points in the upper half plane collapsing to a point on the real line. It is clear how to get 
rid of such strata — one should allow configurations of points everywhere in C, and hence consider the 
Fulton-MacPherson compactifications [X] of the configuration spaces Ca,s(C) rather than Ca,s(H). The 
disjoint union 

aF(C):=C.(C)|JC.,.(C), 



We tacitly assume here that the Leo-algebra (Xc,f.) is appropriately filtered so that the MC equation makes sense. In 
our apphcations below v„>3 = so that one has no problems with convergence of the infinite sum. 
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has a natural structure of a dg quasi-free 2-colored operad in the category of compact manifolds with corners. 
This operad is free in the category of sets. The suboperad, 

ncQoo '■= J-Chains(CF['C))^ 

of the associated chain operad Chains{CF{C)) generated by fundamental chains is free in the category of 
graded vector spaces and is canonically isomorphic as a dg operad to the quotient operad 

ncg^ := J-Chains(C{m))/I, 

where / is the (differential) ideal generated by corollas (j4]) with m = 0, n > I. The notation ncQoo 
stems from the fact [A] that this operad is a minimal resolution of a 2-coloured quadratic operad which 
governs the type of algebras introduced in IFGVj under the name of Leibniz pairs. Let us compare this 
quadratic operad with the operad, G, of Gerstenhaber algebras. The latter is a 1-colored quadratic operad 

generated by commutative associative product in degree 0, /K^ = /\ and Lie bracket of degree —1, 



/\ = /\ , satisfying the compatibility condition 



1 2 



(7) 



1 /-\ 

2 3 



2 /-\ 
1 3 



This condition satisfies the distributive law so that the 1-coloured operad G is Koszul. In fact, this condition 
makes sense even if we assume that the associative product is not commutative so that one might attempt to 
define an operad of non-commutative Gerstenhaber algebras as a 1-coloured operad generated by associative 

non-commutative product product of degree 0, /\ ^ /\ , and Lie bracket of degree —1, y\ = 

12 2 1 12 

^^ , formally satisfying the same relations as the ones in the operad Q. However, the compatibility 

2 1 

condition ([7]) now fails to obey the distributive law (there are new unwanted relations already for graphs 
with three vertices, see Remark 1.7 in [Mel] ), and the resulting 1-coloured operad fails to be Koszul. However, 
this problem with non-Koszulness disappears if we think of the generating operations as living in two different 
(say, dashed and straight) colours. 



^ 



A^A 



To make sense of the Gerstenhaber compatibility condition ([7]) in two colours, we can notice that the 
generator ^A^ plays a two-fold role in the compatibility conditions of the operad G: it represents a Lie 

12 

algebra structure, and also a morphism from that Lie algebra into the Lie algebra of derivations of the 
associative algebra represented by A, . In the two coloured version we have to assign these two roles to 

1 2 

two different actors, that is, we have to introduce a new degree —1 generator, >.. , for the role of the 
morphism, and then substitute ^ with the following two relations, 

A . 



1 2 



(8) 



1 2 



a 

1 3 



The 2-coloured operad generated by binary operations 



(9) 



1 2 

7^ 1 



/x - 

2 3 

A^A 



A. 



and 



1 2 



Jacobi relations for the Lie brackets 
(10) 



1 2 



X 



< . A 



x\ 1 

2 3 



0, 
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and the compatibility relations ([5]) was introduced in |FGV) (with slightly different grading conventions which 
in two colours are irrelevant) under the name of the operad of Leibniz pairs. However algebras over the operad 
of Leibniz pairs have nothing to do with pairs of Leibniz algebras. We prefer to call this quadratic operad 
the 2-coloured operad of noncommutative Gerstenhaber algebras {ncQ for short) as this name specifies its 
structure non-ambiguously; this is the only natural way to generalize the notion of Gerstenhaber algebras to 
the case of a non-commutative product while keeping the Koszulness property. Moreover, any Gerstenhaber 
algebra is automatically an algebra over ncQ. In particular, for any smooth manifold M the associated 
space of polyvector fields, Tpoiy{M) equipped with the Schouten bracket [ , ]s and the wedge product A is 
an ricCy-algebra. It was proven in |Tal) that {Tpoiyi^''') , [ , ]s, A) is rigid as a Qoo algebra. It follows from 
Willwacher's proof |Wilj of the Furusho theorem that [Tpoiyi^'^), [ , ]s, A) admits a unique (up to homotopy 
and rescalings) universal ncQoo deformation whose explicit structure is described in [5] (see also (P^ below 
for its explicit graph representation). 

2.3. Configuration space model for the 4-coloured operad of morphisms of nc^oo-algebras. A 

geometric model for the 4-coloured operad of morphisms of OCHA algebras was given in |Me3| . The same 
ideas work for the operad, Aior{ncQoo), of morphisms of nc^oo-algebras provided one replaces everywhere 
in §6 of jMe3| the upper-plane H with the full complex plane C. 



3. T. Willwacher's theorems 

3.1. Universal deformations of the Schouten bracket. The deformation complex of the graded Lie 
algebra {TpoiyO^'^), [ , ]s) is the graded Lie algebra, 

/ \ 

CoDer Q'{Tpoiy{R''m) = T] iiom{Q"Tpoiy{M.''),Tpoiy{R''))[2 - 2n] 

\ standard coalgcbra / ^ — 

\ structure / 

of coderivations of the graded-cocommutative coalgebra Q* {Tpoiy(^^)['^]) equipped with the differential, J, 
given by 

S{D) ■.^[,]soD~ (-l)l^li5 o [ , ]5, yDe CoDer {Q'{Tpoiy{R''m)) . 
Here o stands for the composition of coderivations. There is a universal (i.e. independent of the dimension 
d) version of this deformation complex, GC2, which was introduced by Kontsevich in [Kolj and studied in 
detail in [Wilj . In this subsection we recall some ideas, results and notations of [Wil| which we later use to 
prove our main theorem. 

3.2. Operad Qra. To define Kontsevich's dg Lie algebra GC2 it is easiest to start by defining a certain 
operad of graphs. For arbitrary integers n > 1 and / > let G„./ stand for the set of graphs {F} with n 
vertices and I edges such that (i) the vertices of F are labelled by elements of [n] := {1, . . . , n}, (ii) the set 
of edges, E(T), is totally ordered up to an even permutation (that is, oriented); it has at most two different 
orientations. For F G Gn,i we denote by Topp the oppositely oriented graph. Let K(G„,;) be the vector space 
over a field IK spanned by isomorphism classes, [F], of elements of Gn,i modulo the relatioro ^opp = — T, and 

consider the Z-graded §„-module, 

00 

Grain) := ^K{GnM- 
1=0 
1 2 
For example, • • is a degree —1 element in Gra{2). The §-module, Qra := {Qra{n)}n>i, is naturally an 

operad with the operadic compositions given by 

Oj : Qra{n) ® Qra[m) — > Qra{m + n — 1) 



Abusing notations we identify from now an equivalence class [F] with any of its representative F. 
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where Gp p is the subset of Gn+m-i.#E{ri)+#E(r2) consisting of graphs, F, satisfying the condition: the 
fuU subgraph of F spanned by the vertices labeled by the set {i,i + l,...,i + m— 1} is isomorphic to F2 
and the quotient graph, F/F2, obtained by contracting that subgraph to a single vertex, is isomorphic to Fi 
(see §2 in |Wil| or §7 in |Me3| for examples). The sign (—1)'^^ is determined by the equality Aeg_E(r)e — 
(— l)'^^(Ae'g_E(ri)e') A (Ae"eB(r2) ^") '^here the edge products over the sets £'(Fi) and E{Ti) are taken in 
accordance with the given orientations. The unique element in Gi^o serves as the unit element in the operad 
Gra. 

3.3. A canonical representation of Qra in Tpoiyi^'^)- The operad Qra has a natural representation in 
the vector space Tpoiy(^'^)[2] for any dimension d, 

p: Grain) -^ £ndr^^^^^^.){n) ^ RomiTpoiyi^T^.TpoiyiR")) 
^^^' F ^ $r 

given by the formula, 

$r(7i,---,7n) := M n ^^ (71 (2;(i),V'(i))® 72(2^(2), -0(2) )'X)---®7n(a;(„),'0(„))) 

\eGB(r) 

where, for an edge e connecting vertices labeled by integers i and j. 









a=l ^^(0 


d 


d d 

1 (R) 




9^U)c 


> ' ^{t)a ^ dxl^^ 


A* 


is the multiplication 


map. 












fi : 


TpolyiRT'' 


— 


-> TpolyiM.'') 








71 72 (X) ... 7 


n 


■> 71 A 72 A • • • A 7„ 



Here we used a coordinate identification, Tpoiyi^'^) = C°°{x^ , . . . , a;'')[V'i, . . . , V'rf]: where C°°{x^ , . . . , a;'') is 
the ring of smooth functions of coordinates x^^. . . ,x'^ on M"*, and V'a are formal variables of degree one 
symbolizing djdx"" . 

3.4. Kontsevich graph complex. There is a morphism of operads |Wi2) 

G — > Gra 
given on the generators of the operad of Gerstenhaber algebras by 

(13) X ^ • • 

1 2 



(14) A 



1 2 

• — • 



The latter map also gives us a canonical morphism of operads 

i : Cie{l} — > Gra. 

The full Kontsevich graph complex fGC2 is, by definition, the deformation complex controlling deformations 
of the morphism i, 

fGC2 := Def{Cie{l} -J> Gra) 

There are several explicit constructions of deformation complexes of (pr)operadic morphisms given, for 
example, in [MeVa] . To construct Def (£ie{l} -> Gra) one has to replace Cie{l} by its the minimal resolution, 
Cie{l}oo^ which is a quasi-free dg operad generated by the §-module 

E^{E{n) := l„[2n-3]}. 

Then, as a Z-graded vector space, 

Def{Cie{l}^Gra) = Def{Cie{l}oo ^ Gra) := 0Homs„(£;(?i), Gra(n))[-1] = Gra(n)^" [2 - 2?i], 



n>0 
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i.e. an element of fGC2 can be understood as an S„-synimetrization a of graph from Gn^i to which we assign 
the degree 2n — I — 2, for example 



1 2,2 1 
• • ~r • • 



is a degree 1 element in fGC2. As labelling of vertices of elements from fGC2 by integers is symmetrized, we 
often represent such elements as a single graph with vertices unlabelled, e.g. 



S2 



One should not forget, however, that such a graph is in reality a symmetrization sum of some labelled graph 
from Gn,i. 

The Lie algebra structure in fGC2 = Def{Cie{l}oo —^ Gra) is completely determined by the differential on 
£ie{l}oo jMeVa] . It is an elementary exercise to see that the Lie brackets in fGC2 can expressed in terms of 
operadic composition in Qra as follows, 

[F, F'] := Sym{T o, F' - (-l)|i^lir'lF oi F), 

where Sym stands for the symmetrization of vertex labels. The usefulness of this Lie algebra structure on 
fGC2 := Def{Cie{l}oo -^ Gra) stems from the fact [MeVa] that the set of its Maurer-Cartan elements is in 
one-to-one correspondence with morphisms of operads Cie{l}ao -^ Gra. It is easy to check that the element 
• — • is Maurer-Cartan, 

[•-•,•-•1 = 0. 

It corresponds precisely to the morphism (|14|) . This element makes fGC2 into a complex with the differential 

S^ ■■= [— , ]. 

This dg Lie algebra contains a dg Lie subalgebra, GC2, spanned by connected graphs with at least trivalent 
vertices and no tadpoles; this subalgebra is precisely the original (odd) Kontsevich graph complex |KolirwTT| . 
One of the main theorems of |Wil) asserts an isomorphism of Lie algebras, 

ff°(GC2,J„)~flrt, 

where grt stands for the Grothendieck-Teichmiiller Lie algebra and H^ for cohomology in degree zero. 
Note that the canonical representation P^ induces a morphism of dg Lie algebras, 

p™'^ : fGC2 = Def {ae{l}^ ^ Gra) -^ Def (£ie{l}oo ^ ^nd^^^^^d,.)) = CoDer (0*(rpoi,(M')[2])) . 

The image of this map consists of coderivations of the coalgebra Q* {Tpoiy{M.'^)[2] which are universal i.e. make 
sense in any dimension. In particular, p{» — •) is precisely the Schouten bracket in Tpoiyi^''')- Therefore, one 
can say that the graph complex fGC2 (or GC2) describes universal deformations of the Schouten bracket. T. 
Willwacher's theorem gives us universal homotopy actions of the Grothendieck-Teichmiiller group GRT = 
exp(grt) on Tpoiyi^"^) by CiCoo automorphisms of the Schouten bracket. 

3.5. T. Willwacher's twisted operad /Graphs'^. For any operad V and morphism of operads, 
ae{k}oc. -^ V, there is an associated operad Tw{V) whose representations, p*""^ : Tw{V) — > Sndy, can 
be obtained from representations, p : V ^ Sudy, of V by "twisting" p by Maurer-Cartan elements of the 
associated (via the map £ie{k}oo -> V) Cie{k}oo structure on V. Omitting general construction (see jWil] 
for its details), we shall describe explicitly the dg operad /Graphs'^ := Tw{Gra) obtained from Gra by 
twisting the morphism ([H)) . For arbitrary integers m > 1, n > and Z > we denote by Gm,n;i a set of 
graphs {F} with m white vertices, n black vertices are and I edges such that (i) the white vertices of F are 
labelled by elements of [m] , (ii) the black vertices of F are at least trivalent and are labelled by elements of 
[n] = {!,... ,n}, (iii) and the set of edges, E{r), is totally ordered up to an even permutation. The set of 
black (respectively, white) vertices of F will be denoted by V',(F) (resp. Vo(F)). 
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Let K(Gyn.^;/) be the vector space over a field K spanned by isomorphism classes, [F], of elements of Gm,n;/ 
modulo the relation Topp ~ — T, and consider the Z-graded S„i-module, 

oo oo 

/Graphs'^ {m) := ^^K{G^,,,,if-[l], 

1=0 n=0 

where invariants are taken with respect to the permutations of [n]-labellings of black vertices. For example, 
o — • is a degree —1 element in fQraphs'^{l) and o o is a degree element in f Qraphs'^-' [2) . The operadic 
composition, F Oj F', in 

/Graphs — {/Graphs {m)^ 

is defined by substitution of the graph F' S IK(G„i'^„';;)^"' into the z-th white vertex w of F G K{Gm,n;i)^"' , 
reconnecting all edges of F incident to v in all possible ways to vertices of F' (in a full analogy to the case 
of Gra), and finally symmetrizing over labellings of the n + n' black vertices. Consider linear maps, 

5^r:= -(-1)I^IS'2/to(Foi.— •) 

and 

5^r:=5ym I o— .oiF - (-1)1^1 ^ F o„ o— • 

\ t)GV(o) 

where Sym stands for the symmetrization of black vertex labellings. Note that in this case (5^ ^ and 
(5^ 7^ in general, but their sum S,^_, + 5,_, makes /Graphs''^ into an operad of complexes [Wil] . 

The dg suboperad of /Graphs'^ consisting of graphs F which have no connected component consisting solely 
of black vertices is denoted in |Wil] by Graphs'^ . Without loss of much generality |Wil| we may replace 
operads /Graphs'-^ and Graphs'^ by their suboperads, /Graphs and respectively Graphs, consisting of graphs 
with no tadpoles. 
There is a morphism of dg operads |Wi3) 

AsSoo — > Ass — > Graphs 

where the first arrow is a natural projection and the second map is given on the generators of the operad 
Ass by 

A -^ ° ° 

1 2 

The standard construction |MeVaj gives us a dg Lie algebra, Def (^ss -^ Graphs), whose elements, F, are 
linear combinations of graphs from ^{Gm,n;i) , rn,n,l > 0, equipped with a total order on the set of white 
vertices of F (so that in pictures we can depict vertices of such graphs as lying on a line) and with degree 
2n + rn — I — 1. The differential on Def(^sSoo ~^ /Graphs) is a sum, 

(15) S = S,,+S^+5^, 

where 

<5oor:=(o-ooiF + o-§02F) - (-1)1^1 Y. ro,o-o 

The first cohomology group of this deformation complex was computed in jWilj IWi3) , 

r grt ® R[-l] for i ^ 1, 

(16) W {Dei{AsSoc^Graphs)) ^ I R[§2] for i < 0, 

[ for i < -1, 

where the summand IR[— 1] in H^ {Def (As So^^ Graphs)) is generated by the following graph 



(17) E(-i 

and iJ° {Def {AsSao-^Graphsj) is generated by o o- 



\ G DeUAssryo~i-Graphs). 

o' o 
a&s <y{l) cr(2) (7(3) 
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3.5.1. Lemma. 

H'^ {Def{AsSoo^f Graphs)) = Qzi © R[-l] 

Proof. As a complex Def(AsSoo^f Graphs) is isomorphic to the tensor product of complexes 

DefiAsSoo-^Graphs) ® 0'-"(GC2[-2]) 
so that 

H^ (DefiAssoo^ /Graphs)) = ^H' {Def{Assoo^Graphs)) (» H-'"\q'^'^GC2) 

= H^ {Def{AsSoo-^fGraphs)) 
asF^"HGC2) ^Oa.ndH^-^((Def{AsSoo^f Graphs)) = according to Thomas Willwacher |WiTllWl3] . D 
Note that in general the inclusion map of complexes, 

Def {AsSoo^Graphs) — ;■ Def{AsSoo^.f Graphs), 
induces an injection on cohomology, 

W {Def{AsSoo~^Graphs)) -^► H' {Def{AsSoo~^f Graphs)) 
since Def{AsSrx>^Graphs) is direct summand of Def(AsSrx>^f Graphs). 

3.6. A mapping cone of the Willwacher map. It was proven in |Wil) that there is a degree 1 morphism 
of complexes, 

2IJ : (GC2,5„) -^ {Def{AsSoo^f Graphs), S). 
which induces an injection on cohomology jWill IWi3j 

[W] : W (GC2) — > H' {Def{AsSoo^ /Graphs)) . 

The map QU sends a graph 7 G GC2 (with, say, n black vertices) to a linear combination of graphs with n 
black vertices and one white vertex. 



where I " stands for the graph obtained by attaching to the vertex v of 7; the set of edges of W{j) 



1 



o 



is ordered by putting the new edge after the edges of 7. Let MaC(21J) be the mapping cone of the map 21J, 
that is, the direct sum (without the standard degree shift as the map 22J has degree +1) 

MaC(2U) = Def{AsSoo^ /Graphs) © GC2 

equipped with the differential 

d : DefiAsSoo-^/Graphs^^) © GC2 — > Def{Assoo^ /Graphs) © GC2 

(r,7) -^ (<5r + 2n(7),<5„7). 

There is a natural representation |Wilj of the Lie algebra GC2 on the vector space Def{AsSoo -^ /Graphs'-^), 
o : GC2 X Def{AsSoo^^ /Graphs) — > Def{AsSoo-^ /Graphs) 

given by substitution of the graph 7 into black vertices of the graph F. This action can be used to make 
MaC(2IF) into a Lie algebra with the brackets, 

(19) [(ri,7i),(r2,72)]:=([ri,r2] + rio72-(-i)ir^ii^iir2 7i, [71,72]). 

The differential d respects these brackets so that 

(20) (MaC(2IJ),[, ],d) 

is a differential Lie algebra. For future reference we need the following 
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3.6.1. Lemma. H^{MsC{W),d) =M[-1]. 

Proof. There is a short exact sequence of dg Lie algebras, 

— > Def{Ass^^f Graphs) ^ MaC(21J) ^ GC2 — ^ 

where 

a: Def{AsSoo^G'raphs) — > Def (Ass 00 ^f Graphs) (B GC2 

r -^ (r,o) 

and 

/3 : Def {Assoc~^f Graphs) ®GC2 — > GC2 

(r,7) — > 7 

are the natural maps. We have, therefore, a piece of the associated long exact sequence of cohomology 
groups, 

HXGC2) '^' H'+\Def{Ass^~^fGraphs)) H H'+\MaC{W)) H H'+\GC2) '^' H'+'^{Def{Ass^^fGraphs)) 
As the map [213] is injective, we obtain 

r^+l/^. ^^^^^ _ H'+\DefiAsSo.^Graphs)) 



H'+'(MaC(21J)) = 



m{H%GC2)) 
Since iJ°(GC2) = flrt and H\Def{AsSo^^f Graphs)) = gri ® R[-l] the claim follows. D 



4. Universal ncGoo deformations of the standard Gerstenhaber algebra 

structure in Tpoiyi^'^) 

4.1. Two-coloured version of Gra. Let Gra — {Gra{n)}^yj^ be the operad defined in ij3.2l from now one 
we assume that vertices of graphs from Gra are coloured in black. For arbitrary integers m > 1, n > and 
Z > we denote by G'^ „.j the set of tadpoles-free graphs {F} with m white vertices, n black vertices and I 
edges, such that 

(i) the set of white vertices, Vo{T), of F is equipped with a total order (so that in our pictures white 

vertices will depicted as lying on a line), 
(ii) there is a bijection Vo(r) -^ [m] (which does not, in general, respect total orders) 
(iii) there is a bijection from the set, V, (F), of black vertices of F to the set [h] = {!,..., n}, 
(iv) the black vertices of F are at least trivalent, 

(v) the set of edges, E{T), is equipped with an orientation, i.e. it is totally ordered up to an even 
permutation. 

Note that graphs from GJ„ ^^.^ can have connected components consisting of graphs with solely black vertices. 
Let IK(G^ ^.j) be the vector space over a field K spanned by isomorphism classes, [F], of elements of Gm.n;i 
modulo the relation Topp = — F, where the graph Tgpp is identical to F except that it has the opposite 
orientation. Consider the following collection of Z-graded §-modules, 

Gra'^':=\ Indl-^""- I Gra{rn,n) :^ ^K{G'^,,,.^i)[l]\ ,{^ra(n)}„>i 

\^N=m+n { 1=0 ) m>l,n>0 

It has a structure of a 2-coloured operad with compositions 

Oj : Gra{mi,ni) ^Gra{m2,n2) — > tjra(mi + m2 — 1, ?ii + 712), i E [mi] 



Gra{m,ni)®Gra{n2) — > Gra{m,ni + n2 — 1), i £ [ni] 

Gra{ni) (g) Gra{n2) — > Gra{ni + n2 - 1), i G [ni] 

given by graph substitutions as in the case of Gra. 
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4.1.1. Proposition. There is a morphism of operads 

f : ncQ — > Qra°' 
given on generators as follows, 



: 1 

12 • 

. . ^ — ' /■-.. -^ i 

12 12 12, 



(21) X ^ h I, > 

1 2 1 

Proof Wc have to check that the map / respects relations ([9]), ([T0| and ([8]). For example, 

/ ■ ^ ^ \ 1 1 1 

f f /*■ A A 1 _ T „ 1 2 12^? 12^? 

\ 2 3 1 2 13/ 2 2 2 

1 11 1 

• • • • 

oo oo oo oo 

23 23 2 3 23 

= 0. 
Analogously one checks all other relations. D 

4.1.2. Theorem. The deformation complex, Dei(ncQoo ^ Gra"'), of the morphism 

Jo ■ ncCfao > ncy > yra 

is isomorphic as a dg Lie algebra to MaC(2IT). 

Proof. As a graded vector space Def(nc^oo -^ Qra°') is identical to the space of homomorphisms, 
Homs(_E, Qra°*)[—\\, of S-modules, where E = {E{N)} is the §-module of generators of ncGoo- The latter 
§-module splits as a direct sum, 

E{N)^Ei{N)®E2iN), 
where Ei (N) is spanned as a vector space by corollas ([3]) and hence is given by 

Ei{N) = sgnN[2n-3] 

where sgnjsf is the the one-dimensional sign representation of S^f. The SAf-module E2{N) is spanned by 
corollas (JH) and hence equals 

E2{N)^ Ind|-^^"K[S„]®sgn„[2n + m-2]. 

N = m + n 
m>l,n>0 

Therefore, we have an isomorphism of graded vector spaces 

Def(ncgoo -> Qra°') = ^Roras {E2iN),gra°' (N)) [-1] (B ^Roms {Ei{N),gra°* (N)) [~1] 

N N 

= Def{AsSoo^fgraphs)®GC2 
= MaC(2») 

One reads the Lie algebra structure in Def{ncQoo —> Gra"*) from the differential (IS|) and ^ and easily 
concludes that it is given precisely by the Lie bracket [ , ] given in (fT9)) . Next, there is a 1-1 correspondence 
between Maurer-Cartan elements, F, 

[r,F] = o, 

and morphisms of operads ncQ oo -^ Qra°* (cf. [MeVa] ) . The morphism /q is represented by the following 
Maurer-Cartan element, 

(22) Fo = [ o o + i , .-• j 

so that the differential in De^{ncQ oo — > Qra°') is given by [Fq, ] and hence coincides precisely with the 
differential d in MaC(2n). The theorem is proven. D 
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4.2. A canonical representations of Qra°' in polyvector fields and an exotic ncGoo structure. 
There is a representation of the two-colored operad Qra°* in the two-coloured endoniorphism operad, 
£ndf ^^ {Rd)^T „i (■R'*)' '-'^ ^^^ copies of the space Tpoiy{R'^) given by formulae which are completely anal- 
ogous to p2|) . Hence there is an induced of morphism of dg Lie algebras 

MaC(21J) = Def(nc5oo -^ Gra°') — > De'i{ncgoo -^ £nd7-po,„(fl'*),rpoi„(fl'i))- 
The dg Lie algebra Def(nc5oo ^ '^'^^Toi (R''),T oi (fl"*)) describes ncQoo deformation of the standard Gersten- 
haber algebra structure on TpoiyiR"^)- The dg Lie algebra MaC(2n) controls, therefore, universal deformations 
of this structure, i.e the ones which make sense in any dimension d. 
In particular any Maurer-Cartan element, 

dr + i[r,r]-o 

in the dg Lie algebra MaC(2U) gives us a universal nc^oo-structure in TpoiyiR''')- Such a structure can be 
viewed as a deformation of the standard Gerstenhaber algebra structure (corresponding to the graph (|22]) ) 
as the above equation can be rewritten as 

[ro-Hr,ro + r] = o. 

The dg Lie algebra MaC(21J) is naturally filtered by the number of black and white vertices. We assume 
from now on that MaC(2IJ) is completed with respect to this filtration. Then there is a well-defined action 
of degree zero elements, g, of MaC(2IJ) on the set of Maurer-Cartan elements, 

„adg _ 1 

r ^ F^ ;= e^'^^'T - dg. 

adg 

The orbits of this action are nct/oo-isomorphism classes of universal ncQoo structures on polyvector fields. 

Infinitesimal homotopy non-trivial ncQoo deformations of the standard Gerstenhaber algebra structure on 

polyvector fields are classified by the cohomology group i7^(MaC(2n)). Lemma fS.S.ll savs that there exists at 

most one homotopy non-trivial universal ncQca deformation of the standard Gerstenhaber algebra structure 

on polyvector fields. The associated Maurer-Cartan element in MaC(2ir) was given explicitly in [X] in term 

of periods over the compactified configuration spaces C,_,(C), 

(23) To + F = I ^ Y. I nrV, .-. 

where 



, m>l,n>0 rsG" „.„ , ^ , — " 

m,n,An-t-m~A (J ^ ^ 



• ^m.n:2n+m,-2 i^ the sct of equivalence classes of graphs from G^ n-2n+m-2 which are linearly inde- 
pendent in the space IK(G^j „.2„4.,„_2) and have no tadpoles; 

• ^r ■■= AeeEdges{r)<i^) ' 

• for an edge e 6 Edges{T) beginning at a vertex (of any colour) labelled by i and ending at a vertex 
(of any colour) labelled by j, pe is the natural surjection 

\Z\, . . . , Zj, . . . , Zj, . . . , Zn+mj ' \zi—z -I ' 

• The 1-form lo := ^dArg{zi — Zj) is the standard homogenous volume form on S^ normalized so that 

The lowest (in total number of vertices) term in F is given by the graph (fT7)) whose weight is equal to 1/3. 
Hence Lemma [3.6. II and [X] imply the following 

4.2.1. Theorem. Up to ncQoc isomorphisms, there are only two different universal ncQoo structures on 
polyvector fields, the standard Gerstenhaber one corresponding to the Maurer-Cartan element \2^) and the 
exotic one given by 
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5. No-Go Theorem 

5.1. A class of universal Ass^o structures on Poisson manifolds. For any degree 2 element Htt in 
Tpoiy{M.'^)[[h]] the operad fQraphs admits a canonical representation 

p"" : f Graphs —^ ^rid^rZUmm] 

which sends a graph T from Qraphs with, say, m white vertices and n black vertices into a continuous (in the 
?i-adic topology) operator p(r) G Hom((g)"'7^oij,(M'^),7^oiy(]R'^)[[[?i]] which is constructed exactly as in the 
formula (I12p except that black vertices are decorated by the element hn. (From now on we take our operad 
fQraphs to be completed with respect to the filtration by the number of black vertices; hence we need to 
use a degree zero formal parameter h to ensure convergence of operators p{T) in the ?i-adic topology.) 
The Lie algebra GC2 acts (on the right) on the operad Graphs, 

R : fQraphs x GC2 — > Qraphs 

(r,7) -^ r-7 

by operadic derivations, where F • 7 is obtained from F by inserting 7 into black vertices |Wilj . Let /^ be 
the operadic ideal in Qraphs generated by graphs of the form F • •_• . There is natural projection map of 
operads, 

fQraphs — ;• fQraphs' :— fQraphs/ 1'^_^ , 

and, for tt being a (graded) Poisson structure on W^, that is, for tt satisfying [7r,7r]5 = 0, the canonical 
representation p'^ factors through this projection, 

p"" ■■ fQraphs — > fQraphs' — > Snd-Y^^^^(^^dy 

The induced representation fQraphs' -^ End-j- ^^ md^ we denote by the same letter p^ . It induces in turn a 
map of Lie algebras, 

De^{Ass^^ fQraphs) — > Def (Ass ^o^ fQraphs') — > Def{Ass^^£ndr^^^^(Rd)) = CoDer(®*-^(7^o/y(M'*)[l]) 

where 

CoDer(®'^i(rpoiy(K'^)[l]) - Hom(®"%„j„(R'^), 7;o/,,(M''))[l - m] 

m>l 

is the Gerstenhaber Lie algebra of coderivations of the tensor coalgebra <E)'-^{Tpoiy{^'^)[i-])- Hence any 
Maurer-Cartan element F, 

[r,F]-o, 

in the Lie algebra De^{Assoo^> fQraphs') induces, for any fixed Poisson structure on M'', a universal Assoo 
algebra structure on 7'poiy{M.'^). Moreover, two such universal AsSoo structures, Fi and F2, are universally 
AsSoo isomorphic if and only if there exists a degree zero element h € Def{AsSoo'^ fQraphs') such that 

Fa-e^'^^Fi, 

where ad^ stands for the adjoint action. Note that, due to the filtrations of the Lie algebra Def{AsSoo -^ 
fQraphs') by the numbers of white and black vertices, there is no convergence problem in taking the exponent 
of ad/i . 

It is easy to see that 

i ^ 00 ^" ^^-* 
is a Maurer-Cartan element in Dei{Assoc} ~^ fQraphs') (but not in Dei{AsSoo ^ fQraphs)\), and the as- 
sociated AsSoo structure in {Tpoiyi^'^),'^) is the standard structure of a Poisson complex, that is, a wedge 
product A (corresponding to the graph 00) and the differential dn — [hir, ]s (corresponding to the graph 
ti-»). Hence Fq makes Def{AsSoo^- fQraphs') into a complex with the differential d := [Tq, ]. It is clear that 
the natural projection of Lie algebras 

p : Def{AsSoo^ fQraphs) — > Def{AsSoo ^fQraphs') 

is compatible with the differentials. 
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Let 7 be a degree zero cycle in the graph complex GC2, representing some cohomology class from gri. Then 

rT;:=ro-e^ = oo + ^+ j +- j +... 

is again a Maurer-Cartan element in Def{AsSoo~^f Graphs'). The associated AsSoo structure in {Tpoiyi^'^), tt) 
consists of the standard wedge product A (corresponding to the graph 00) and the differential rfg(,r) = 
[g^hir), ]s, where g = exp(7) is the element of the group GRT corresponding to 7. The element in the 
difference Fq — Fq with lowest number of vertices is 

7 

i 

It defines a cycle in both complexes Def{AsSoo^fGraphs) and DeflAsSoo-^f Graphs'). It is shown in jWil] 

7 
that T is not a coboundary in Dei {Assoo~^ /Graphs), it therefore defines a non-trivial cohomology class 

in H^{Def{AsSoo^ /Graphs)). 

7 

5.1.1. Lemma. For any [7] G grt an associated cycle ? is not a coboundary in Dei {Assoo^>- /Graphs') , 

that is, it de/ines a non-trivial cohomology class in H^{Def{AsSoo'^ /Graphs')). In /act the natural map 

[p] : H\Dei{AsSa^^ /Graphs)) — > H\Def{AsSoo^ /Graphs')) 
is an injection. 

Let us first prove the following corollary to this lemma, and then the lemma itself. 

5.1.2. No-go theorem. For any [7] G gvi, the Maurer-Cartan elements Fq and Fq are not gauge equivalent 
in the Lie algebra Def{AsSrx, —^ /Graphs'). Equivalently, the universal Ass^o structures in 7^o;y(K'^)[[?i]] 
corresponding to these elements are not universally AsSrx, isomorphic. 



Proo/. Comparing the terms with the same number of black and white vertices in the equation 
we immediately see that 



^l = e^'^'^Fo, 



7 

? = [h' , 00 + o-»] = —dh' 

for some sunimand h' in h. This contradicts Lemma lS.l.ll D 

To prove Lemma 15.1.11 we need the following 

7 
5.1.3. Lemma. For any [7] S gri, an associated cycle ? in the complex Dei {Assoo^ /Graphs) is coho- 

mologous to an element 7^ which has no black vertices. 

Proo/. Let us represent the total differential S in Def{AsSoo-^ /Graphs) as a sum of two differentials (see 

m) 

5 = S,,+ S'. 

7 
The cohomology of the complex (Def {AsSoo~>Graphs) , d') (which contains elements of the form T and is a 

direct summand of the full complex {Def{AsSoo-^/Graphs), 6') was computed in [LaVo] (see also Proposition 
5 in [Wilp . We need from that computation only the following fact: any (J'-cocycle in Def (AsSoo—^Graphs) 
which contains at least one black vertex is J'-exact. As 

7 7 

SI =Soo I =0, 
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7 7 

we conclude that S' J =0 and hence ? = —S'jo for some degree zero graph 70 in Def{AsSoo-^Graphs); 

in fact, it is easy to see that 70 is 7 with every black vertex labelled by, say, 1 made white (remember that 
7 is symmetrized over numerical labellings of vertices so that nothing depends on the choice of a particular 
label in this construction of 70). We can, therefore, write. 



= -(^00 +^'ho +^oo7o 



If (5(30 7o contains black vertices, then again 

and hence 

7 

? = -(5(70 +7oo) +'5oo Too- 
Continuing this process we finally obtain an equality 

(24) J =-^(7o+7oo+---+7ro) + '^oo7o...o 

where 7^ := ^oo7™."o has no black vertices. D 

Proof of Lemma 15.1.11 Since 

H\Def{AsSoo^fGraphs)) = H\Def{AsSoo^Graphs)) 

and since Def{AsSoo ^Graphs') is a direct summand of Def {Ass 00 ^ f Graphs'), it is enough to study the 
natural projection map 

p : Def{AsSoo^Graphs) — > Def{AsSoo^>-Graphs'). 
Consider the following direct summands, C and C", of both complexes of the form 

Kerd(|{Subspace of graphs with no black vertices} 

As the ideal used to construct the quotient operad Graphs' out of Graphs consists of graphs with at least 
two black vertices, we conclude that the map p sends C isomorphically to C . Then Lemma [5.1.31 (and its 
obvious analogue for the graph (1171) ) implies the required result. □ 

5.2. Quotient mapping cone. Let /,_, be the ideal in the operad Gra generated by the graph , ^, let 

Gra' := Gra/I,_, , and let 

GC2 := Def (Cie{l]oo A Gra'\ 

be the deformation complex of the zero map (this is just a Lie algebra). There is an induced Willwacher 
map 

21J' : GC2 — > De^{AsSoo'^Graphs') 
and hence an associated Lie algebra structure on the quotient mapping cone, 

MaC(2n') := r)e^{Ass^^Graphs') © GC2. 
There is a natural surjection of Lie algebras, 

(25) S : MaC(2II) -^ MaC(2IT'). 

For future reference we make an evident observation that our class of universal Ass^d structures on polyvector 
fields can be identified with a class of Maurer-Cartan elements of the quotient mapping cone MaC(2IJ') which 
have the form (F, 0) for some F G De^{AsSoo^Graphs'). 
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6. Proof of the main theorem 

6.1. ncQoo isomorphisms of ncQ^o algebras. As the two-coloured operad Qra°' has a canonical repre- 
sentation in the space of polyvector fields 7^o/j/(R''), any morphism of operads 

F : ncQoo — > Qra°' 

induces a universal ncGoo structure in Tpoiy{R'^)- On the other hand, we proved in the previous section that 
there is a one-to-one correspondence between such morphisms F and degree 1 elements, 

r = (r,7) 

in the Lie algebra MaC(2U) = Def (^sSqo ^ fQraphs) © GC2 satisfying the Maurer-Cartan condition 

[r,r] = ([r,r] + 2ro7, [7,7]) = o. 

Two universal ncQao structures corresponding to Maurer-Cartan elements f and f are nc^oo-isoniorphic if 
and only if the Maurer-Cartan elements f and f are gauge equivalent, that is, 

(26) r' = e'''^"r 

for some degree zero element H = {H,h) in MaC(2IJ). 

6.2. ncQoo structures versus AsSoo structures on (afHne) Poisson manifolds. Let us denote by 
M.C the set of all Maurer-Cartan elements in the Lie algebra MaC(2ir). By Theorem 14. 2. 1[ any element 
r S M.C is gauge equivalent either to ((22)) or to (|23)) . Both these Maurer-Cartan elements belong to the 
subset MCass C MC consisting of elements of the form (F,,-,) for some F G Def(ylssoo — > fQraphs). As 
projection (|25p sends such and element into a Maurer-Cartan element in MaC(2n') of the form (F,0), the 
subset M.Cass C M.C gives us universal Assoa structures on polyvector fields. We are interested now in 
the gauge transformations of the set MC which preserve the subset A^C^ss, as such transformations can 
sometimes induce (via the surjection p5|) ) AsSao isomorphisms of our class of universal AsSoo structures on 
polyvector fields. It is clear that the gauge transformation (|26p associated to a degree zero element 



H = (H e Def(^ssoo -> fQraphs), h e GC2) 

preserves the subset MC^ss C M.C if and only if (5,_,7 = 0, i.e. if 7 is a cycle in the Kontsevich graph 
complex. In this case one has 



gadH 



(F,«)=(e^'^(-='-)(Fo(e-'')) + ... , «) 



ad 



where e^ (aoc'^) jg computed with respect to the Lie bracket in Def (Ass 00 ^^^Q^aphs) and, for an element 
A G Def (AsSoo^^Qraphs) and an element 7 G (GC2 we set 

00 _. 

A o (e'') := y^ — -(. . . {{A o 7) o 7) . . . o 7) e DefiAss^o^ fQraphs) 

^ — ' n\ -■ ^ ' 

n=a 

n 

It is clear from these formulae that gauge transformations of the set M.Cj\^ss associated with degree zero 
elements in MaC(2If) of the form 

H = {H,0) 

will induce — via the projection (|25p ') — AsSoo isomorphisms of AsSoo structures associated to elements of 

MCass- 

6.3. A naive action of GRT on AACass- For any [7] G gri an associated degree zero element H-y = (0, 7) G 
MaC(21J) gives us a gauge transformation of AiC which preserves the subset M-Cj,ss- For example, in the 
case of the standard Gerstenhaber algebra structure ([^^ one has 



(27) To"^ := e^'^"-' F 



7 ._ „adH_ r 



= 00 
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where g — exp(— 7) G GRT. The associated (via the projection ([25)) ) AsSoo structure on polyvector fields is 
precisely the standard differential Gerstenhaber algebra structure in which the differential is twisted by the 
action of g on the Poisson structure (see Main Theorem in the introduction). 
To construct a less naive action of GRT on AAC^ss we need some technical preparations. 

6.4. Splitting of the Lie algebra MaC(2U). The natural epimorphism of differential Lie algebras, 

MaC(2IT) -^ GC2, 
has a section in the category of non-differential Lie algebras given explicitly in the following proposition. 
6.4.1. Proposition. There is a morphism of Lie algebras s : GC2 — ;• MaC(2If) given by 

s : GC2 — > Def {Ass 00^ f Graphs) ® GC2 

7 — > (70,7) 

where 

7o := Yl '^''^° 
vev{j) 

and 7„_>o stands for the graph 7 whose (black) vertex v is made white . 
Proof. Denoting e := I71II72I, we have 

s([7i,72]) = Yl [7i,72]«^o , [71,72] 

\i,eV([7i,72]) 

Y Y ^^°^ il2)v^o + Y Mv^o 0„ 72 ) - (-1)^(1 ^ 2) , [71,72] 

^■u)ey(7i) \uey(72) ve{vi-yi)\w} 

Y 11 °w Mv^o - {-ly Y 72 ou. (71)1.^0 + (71)0072- (-1)" (72)0 071 , [71,72] 

u6V(ti) ™eV(72) 

,t.eV(-,2) ^€V(ii-) 

= ([(71)0, (72)0] + (71)0° 72 - (-1)^(72)0071 , [71,72]) 
= [s(7i),s(72)]- 



D 



6.4.2. Corollary. There is an isomorphism of Lie algebras 

s : MaC(2n) — > Def{Ass^~^graphs) © GC2 

(a, 7) — > (a -70,7). 

and hence an isomorphism of gauge groups, 

X e 2, 



„MaC(iHT)° ^ Def{Ass^~^fgraphs)° GC° 



Consider now an action of GRT on Fq G MC^ss via the morphism s. 



• 



e^a=(T)ro = 00 + 6 + 



7o,0 O + « 



+ 7oO«-io7 + 0(7^) 



7 7 



o + i-5oo7o + i-i + 0(7 ) , 
o + i -(500 70 + 0(7') , •-•) 
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As terms of the form o cancel out, the AsSoo structure on polyvector fields corresponding to e'*'*"*^) To 
• 

has the differential, o, unchanged by the action of GRT at the price of adding higher homotopies to the 

standard wedge product. This rather unusual universal Ass^c structure is Ass^o isomorphic to the naive 

GRT deformation (gT]) since 

gad,(^)p^ ^ gad,(^)g-adH^p7 

and e^<^H-i) e~'^'^"^ is of the form e'^'^" for some H — [H S Def (^ssoo -^ f Graphs), 0). However this fact does 
not prove our Main Theorem as the multiplication operation in the AsSoo algebra corresponding to e =<"') Vq 
is given by the graph 

o o - 5,,j. + 0{j^) 
and hence is not equal to the standard wedge product. However it is now clear how to achieve a GRT 
deformation of the standard dg algebra structure on polyvector fields in such a way that the differential and 
the wedge product stay unchanged. In the notations of Lemma 15.1.31 consider a degree zero map, given by 

s : GC2 — > Def{AsSao^f Graphs) ® GC2 
7 -^ (7o+7oo+---+7o"."?,7)- 
Then, for 7 a cycle in GC2 representing some cohomology class [7] £ grt, we have 

(28) e'^''^(-')ro= (oo + i-<5„„7o + 0(72) , .-.) 



so that the first corrections to the standard wedge multiplication, 00, in polyvector fields is given by the 
following graph 



°°-'5oo7o™."o+0(7') 



As 7™°o has at least four white vertices, we conclude that the universal AsSoo structure corresponding 
to e =("''ro has operations /ii and ^2 unchanged at the price of non-trivial higher homotopy operations 
M»>4 7^ 0- We have 

gads(^) p^ ^ gads(^)g-adH^ p7 ^ g-ad(„,o) p7 

for some H e Def(,4sSoo —^ f Graphs). Thus the universal Ass^o structures corresponding to Maurer-Cartan 
elements (P7)) and (l^5|) are Ass^o isomorphic. This proves our Main Theorem for the case M = R'', the 
affine space. 

6.4.1. Globalization to any Poisson manifold. Let M be a finite-dimensional smooth manifold. A 
torsion-free affine connection on AI defines an isomorphism of sheaves of algebras between the sheaf of jets 
of functions, J°°C^, and the completed symmetric bundle S{Tlj) of the cotangent bundle. Similarly, the 
sheaf of jets of polyvector fields, J°°(S'(Tm[— 1])), becomes isomorphic to the sheaf T :— S{Tlj ® Ta/[— 1]). 
The canonical jet bundle connection defines, via this isomorphism, a Maurer-Cartan element B G ri(Af, X) 
of the dg Lie algebra of differential forms on M with values in 1. Taking jets (with respect to the affine 
connection) is a quasi-isomorphism 

J : iTpoiy{M),A,[, ]s) ^ {n{M,'I),ddR + [B, ]s,A,[, ]s) 

of Gerstenhaber algebras. The space on the right was used, e.g., in [Doj . to globalize Kontsevich's formality 
morphism. The action of degree cocycles of Kontsevich's graph complex 25C2 by £ieoo-derivations of the 
polyvector fields on affine M.'^ defines, because of equivariance with respect to linear coordinate changes, 
£jetx)-derivations of the dg Lie algebra {Q{M,1),ddR, [, ]s)- Let now tt be a Poisson bivector on M. The 
jet j(7r) is then a Maurer-Cartan element of 0(M, T) and, because CiCoo morphisms can be twisted by 
Maurer-Cartan elements, any degree graph cocycle 7 will define a Cieoo morphism 

e^ : in{M,1),ddR + [ji7r)+B, ]s,[,]s) ^ in{M,1),ddR + hijin) + B), ]s,[, Is). 

Define S :— ddR + [B, ]§. Because 7(j(7r) + B) = j(7(7r)) -I- B, the 7 on the right referring to the globalized 
automorphism of polyvector fields on M (see [Doj for the arguments), the above is a morphism 

(f^(M,1),<5 + d,(,),[,]s)^(r!(Af,T),,5 + d,(^(,)),[,]s). 
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Our formula for the morphism of associative Poisson cohomology algebras on affine space is invariant under 
linear coordinate changes so it defines a morphism of associative algebras 

F^ : Hi{n{M,1),S,/\),d^^^^) ^ H{{n{M,1),S,/\),dj^^^^))). 

Since taking jets is a quasi-isomorphism of associative algebras, 

iTpoiyiM),d^,A) -^ (f)(M,T),(5 + dj(^),A,), 

this shows that the morphism F^ globalizes. 
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